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Abstract. The instability of magneto-hydro-dynamic (MHD) waves in an anisotropic, collisionless, rarefied hot plasma is
studied. Anisotropy properties of such a plasma are caused by a strong magnetic field, when the thermal gas pressures across
and along the field become unequal. Moreover, there appears an anisotropy of the thermal fluxes. The study of the
anisotropy features of the plasma are motivated by observed solar coronal data. The 16-moments equations derived from the
Boltzmann-Vlasov kinetic equation are used. These equations strongly differ from the usual isotropic MHD case. For linear
disturbances the wave equations in homogenous anisotropic plasma are deduced. The general dispersion relation for the
incompressible wave modes is derived, solved and analyzed. It is shown that a wide wave spectrum with stable and unstable
behavior is possible, in contrast to the usual isotropic MHD case. The dependence of the instability on magnetic field,
pressure anisotropy, and heat fluxes is investigated. The general instability condition is obtained. The results can be applied
to the theory of solar and stellar coronal heating, to wind models and in other modeling, where the collisionless

approximation is valid.
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1. Introduction

Since the first identification of the coronal emission
lines as forbidden lines of multiply ionized atoms (Fe, Ni)
by Grotrian [1] and EdIén [2] it has been recognized that

the corona has a high temperature of T > 10¢ K and

requires permanent heating. Heating by acoustic waves
was first proposed by Biermann [3]. Later the idea has
been extended to magneto-hydro-dynamic (MHD)
waves because heating seems to be focused to regions
with magnetic field concentrations, to closed fields in
particular. Parker [4, 5] suggested heating by currents
due to topological dissipation of magnetic fields braided
by photospheric foofpoint motions. So far a huge
number of interesting heating mechanisms have been
suggested, but it turned out to be difficult to select and
prove the most probable mechanisms by existing
observations. Recently, new excellent space-borne data
became available; simultaneously the plasma physics
simulations and MHD modeling in particular have
reached a degree of realism which suggests to look
again for a solution of the problem. For example,
Aschwanden et al [6] gave 10 arguments against local
heating in the corona, but in favor of primary heating in

the upper chromosphere and transition region, in the
footpoint regions of closed magnetic loops.

Our knowledge of coronal loop oscillations has
greatly improved by imaging observatfions, mainly
onboard the SOHO and TRACE satellites [7]. Different
kinds of strongly damped oscillation modes are observed
as fransverse amplitude oscillations with periods of 2 — 30
min. By imaging radio measurements modes with much
shorter periods are detected. The great variety of waves
and oscillations observed in detail in the corona [7, 8]
suggests to consider wave heating again. Acoustic
waves are damped in the lower chromosphere. MHD
waves, fransverse incompressible Alfvén  waves in
particular, can travel along the magnetic field, reach
coronal heights and bring enough energy to these
heights. However, it is difficult to convert globally this
energy info heat. In order to increase the dissipation
various mechanisms of damping of such waves have
been suggested (see [9]), such as phase mixing,
resonant damping, coupling to compressible (slow and
fast) MHD modes, and kinetic effects (ion-cyclotron
resonance). The coronal emission lines arising practically
at all altitudes with different magnetic configurations
demonstrate a non-thermal broadening of the profiles.
From Doppler shift estimates the amplifudes of such
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motions are in the range of 25 — 50 km s~1. The origin of
such turbulent motions is unclear.

The coronal plasma is very anisofropic and
inhomogeneous, in cross-field direction in particular [7].
Various topologies of a strong magnetic field with open
and closed configurations in an almost collisionless,
rarefied, hot space plasma lead to its strong anisotropy,
and the fransport coefficients become tensor quantities.
Under such circumstances a traditional hydro-dynamicall
descripfion of the plasma is impossible. That is why we try
to extend the MHD equations by considering the
anisotropy of the magnetized collisionless plasma.

Let us consider, for instance, the characteristic
parameters of the solar corona: a temperature of Te = Ti =
10¢ K, a density of ne = np = 10 cm=3 (subscripts e, i, and
p mark values for electrons, ions, and protons,
respectively), and a range of magnetic field strengths of
B = 0.1-100 G. Using these parameters we get the
following estimates: electron and ion thermal velocities

of v, =4 x103km s and v, =100 km s, electron and
ion collision times of 7, = 102s and 7, = 0.8 s, electron
and ion mean free paths of A, = 40 km and A, =80 km,
electron and ion gyroradii of 7,, =200-0.2cm and 7y, =
92000-9 cm, electron and ion gyrotimes of 7, =
1076107 s and T4 = 1072-10° s, Alfvén and sound

speeds of v, = 10-10* km s! and ¢g = 100 km s7',
respectively. Hence the conditions of a strong magnetic

field — A w7y, ATy, T, » Tp,,and T,9T, — are well

safisfied. That means, particles gyrating around the
magnetic field lines are localized across the field at a
distance of the Larmor radius which for motions across
the magnetic field plays the role of a free path length of
particles. Thus the dynamical motion of a collisionless

plasma with characteristic scales of L » ¥, and 7y,

behaves across the magnetic field as a fluid.

Frequent collisions turn the plasma distribution
function to an isofropic one, and thus the thermal
pressure is isotropic as well. If collisions rarely occur, the
energies of chaotic motions are no longer “mixed”, and
pressure becomes anisotropic. The presence of a
magnetic field will maintain a “non-mixed” state of the
energies of longitudinal and fransverse motions of
particles. So, the transverse and longitudinal pressures will

differ from each other, a=p /p =T [T #1 (here

p and T are the mean thermal pressure  and

temperature). For a very short fime 7, across the

magnetic field mean values of thermal pressure and
temperature are established, but this does not occur so
fast along the field. As a result the plasma becomes

colder along the magnetic field, ﬂ‘ <T,. A distinct
thermal anisotropy of TL/TH ~ 2 —3 has been observed in

the solar wind, see for example, Feldman et al [10],
Marsch et al [11], and Casper et al [12]. A strong
anisotropy of temperature of the ionospheric plasma
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reaching 50-60 percent is really found in experiments,
see Clark et al [13] and Likhter et al [14]. Large heavy-ion
thermal anisotropies (TL/TH >100) were also detected in

the solar corona by UVCS/SoHO by Kohl et al [15] and
Cranmer et al [16]. A similar but smaller anisotropy exists
for protons, see Cranmer et al [16], and for the coronal
hole temperature anisotropy, see Dodero et al [17] and
Antonucci et al [18]. It is now generally accepted that
the observed large ion temperature anisofropies are
related to the physical mechanism by which the solar
corona and solar wind are heated, see Hollweg and
Isenberg [19], and Marsch [20].

Along the magnetic field the plasma is collisionless, if
the particle parallel mean free path is not small in
comparison with the considered characteristic scales:

A, =

e,i

50 km, so that the wavelength along the

magnetic field is ﬂﬂ < 50 km. The hydro-dynamical

description can also be applied to the motions of such a
plasma. The criterion of applicability of the hydro-
dynamical descripfion in this case is obtained by
comparing self-consistently the electric force with the
pressure gradient; it is connected with the smaller
thermal velocity of parficles in comparison with the
speeds of the directed stream: o2

Oraevskii et al [21].

Due to the anisotropy of the kinematic temperatures
of protons and heavy ions the corresponding partial
pressures become anisotropic in this way. This makes the
total thermal pressure anisotropic too, PLE D Physically

Vp <V, ~Vv,, S€e

such a situation can be realized only if the particle
collisions in the plasma are rare. In the present paper we
consider the wave peculiarities which can appear in a
collisionless plasma. With this objective we formulate in
Section 2 the basic equations, which are the integrated
moments' equations of the kinefic Boltzmann-Viasov
equation. In Section 3 the linear wave equation and the
general dispersion relation for the incompressible case
are derived. The solutions and analyzes of the dispersion
equation are the topic of Section 4. In Section 5 we
investigate the instability domains in dependence on the
magnetic field, on the pressure anisotropy parameter,
and on thermal fluxes. The discussion and conclusions
are presented in Section 6. In the Appendix the common
expression describing the boundaries of the instability
domains is derived.

2. Basic Equations

A successful way to describe a plasma is the use of
the system of the equations consisting of the kinefic
equations for the distribution functions of the particles
and the Maxwell equations for the electromagnetic
field. The hydro-dynamical approach is based on the
isotropic character of the distribution of the degrees of
freedom of thermal energy for the plasma components
in the form of (or very close to) the Maxwell function.
However, in real situations the distribution functions of the
space plasma components, ions in particular, differ
strongly from the Maxwell function.

Despite the relative smallness of ge)i/gr «l (A, is the

thermal scale height), the coronal plasma, for example,
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cannot be described satisfactory by theories supposing
that local velocity distribution functions are close to
Maxwellians, see Marsch [20].

The distribution function fa(;,j,t) describes  the
density of particles of a kind g in the six-dimensional
phase space (i,7); it is the solution of the kinetic
Boltzmann-Vlasov equation:

0 N | - 1. =
Yo rivi + MF ve B+ i B\, 1 =0, ().
ot m, c

Here E and B are the total electric and magnetic
fields, e, and m, are the charge and mass of particles

of asort a, F, are the non-electromagnetic forces; ¢ is

the speed of light, Vu is the gradient in the velocity

space, and Qa(fa) are the integrals of collisions. This

statistical equation for the plasma is deduced assuming
that the ratio of the average energy of the interaction of
two particles to their average kinetfic energy is small
enough. That means the number of particles in a plasma

sphere with a Debye radius 7, should be g = l/nrD3 «l.
In a collisionless approach Q. = 0. The left-hand part of
Eqg. (1) gives an effect of the order of unity, while the
right-hand part for pair collisions (Landau integrals of
collisions), for example, gives an effect of order g [22].
For coronal conditions g = 1076, hence the collisionless

approach can be applied. Al the macroscopic
parameters (density, plasma flow speed, pressure,
thermal flux, tensor of viscosity, etc.) are defined as the
corresponding speed moments of the disfribution

function:
- k —
MY =M (F1)= ﬂ‘[j:luu,j v o, =123.
For example, the density of particles s

n=n(r,t)= jfdﬁ, the hydro-dynamical speed of the

plasma is ny (7,t) = Iﬁfdﬁ, where  dii = du du du. .

Due to the complexity of Eq. (1), usually the equations for
the moments of the distribution function are deduced,
and these equations refer to the hydro-dynamical or the
fransport equations. The main difficulty in deducing
these transport equations consists in the problem that in
the infinite chain the momentum equations become
coupled among each other, therefore some additional
physically proved assumptions for truncating this chain
are required.

In a collision dominated plasma one can decompose
the distribution functions around the basic state of an
isofropic equilibrium which is described by the Maxwell
function, and if hydrodynamics can be applied a
fruncation of the chain of moment equations leads to
rather simple MHD equations. If collisions among particles
are rare and a strong magnetic field is present, the
condifions become more complicated, however, for a
collisionless plasma mainly across a magnetic field the
hydro-dynamical approach can be used, see, e.g.,
Chew et al [23], and Rudakov and Sagdeev [24]. In this
approximation the distribution function in a strong

external magnetic field will depend on both speeds,
those along and aACross the field:

S @i t) = f(F il i, 1)
The solution of the kinetic equations is searched for in
the form of the expansion

f,r,t)= fo(ﬁ,r,t)Zav (F,0)PP (ii,r,1), (2)
kv

where fo is the weighting function of the expansion (the

zero-approach distribution  function), a, are the

expansion coefficients, v are the coordinates, P® s

an orthogonal polynomial of order k (for example, a
Hermitian polynomial). If a Maxwellian distribution is

chosen for the weight function fo, Eq. (2) describes a

state close to the thermodynamic equilibrium. Such an
approach refers to the method of Grad [25]. However,
the method of Grad cannot be applied to describe a
plasma with arbitrary anisofropic pressure. For this
purpose Oraevskii et al [26, 21] have used a bi-
Maxwellian quasi-equilibrium distribution,

12 R 5
fo=n| || | exp| ML T )
2T, )| 24T, 2KT, 2K,

For a small parameter g — 0 the plasma is closer to

a thermo-dynamical equilibrium state. In that case the
multi-partial distribution function is close to a product of
single partial distribution functions [22]. Therefore it is
justified to use a bi-Maxwellian distribution calculated by
multiplying the two functions along the magnetic field
and across the field. This method infroduces two vectors
of thermal fluxes, and the total distribution function is
expressed through 16-moments. The method of Grad
results in 13-moments equations. The conditions for
fruncating the chain of the equatfions to the 16—
moments equations are reduced to the following two
statements:

a) the components of the viscosity fensor should be
much smaller than the pressures across and along the

field, p-p

b) thermal fluxes S, S, « PV, where v, = [kT/m is

the thermal speed.
These requirements are satisfied in the fransverse

direction, if }’B/LL « 1, TB/T(( 1. In the longitudinal
direction we should have aH=vT”2'/LH«l. a,—0

means small pressure forces (thermal motion of particles)
in comparison with the electromagnetic forces, i.e. the
plasma is “cold”. In this case the equation of motion is
fransformed info the equations of motfion for the
separate components of the plasma.

The 16~-moments set of equations was used by many
authors in different theoretical approaches, especially
for modeling the solar wind, see Demars and Schunk
[27], Olsen and Leer [28], Li [29], and Lie-Svendsen et al
[30]. Thus, the 16~moments set of transport or MHD (not in
the sense of the usual isofropic case) equations for the
collisionless plasma in the presence of gravity g but
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without magnetic diffusivity under the conditions of 7«

Vt, Ty« vV, T is given as follows, see Oraevskii et al [21]:

6;—? + pdivv =0, (4]
dv B2 1 (5 \s -
”dtw(pﬁsn}am( VB=pis 5)
+(p, - p)hdivi + (5 V)& + 5 (-9 )(p, - p,)

d pB> B (- S ) 28,

i b L
dp __ By y)5s

e p(h v)( 2), 7)
4S8 _ 3pB o

dt p4 - ,04 ( V) p) ’ (®)
dﬁz_l’{(ﬁ.v)(h}mm(lg.v)g} (9)
dp*  p’ p) p pB

§+l§div§—(§-v)§:0, divB =0, (10)

where V=V +V , V, =ﬁ(fz-V),Ond
d 0 - B
—=—+W-V)v=y +v , h="
dt Ot ( ) S B

Here S, and S, are the heat fluxes along the

(11)

magnetic field by parallel and perpendicular thermal
motions. If the thermal fluxes are neglected, § =0 and

SH= 0, we receive the equations describing the laws of

the change of longitudinal and transverse thermal
energy along the trajectories of the plasma (the left-
hand parts of Egs. (6) and (7). These so-called “double-
adiabatic” parities and Egs. (4), (5), and (10) form as
though a closed system of equations, the CGL (Chew-
Goldberger-Low) equations, see Chew et al [23].
However, using the CGL-equatfions can result in
unsatisfactory Egs. (8, 9). This is because deducing the
CGL equations the third moments of the distribution
function, hence the thermal fluxes, have been lost
without any proof, see Chew et al [23], and Baranov and
Krasnobayev [31]. The equations following from the 16—
moments set in our case, Egs. (4 - 10), consider the
thermal fluxes, they are more complete, and the CGL
equations do not follow from these equations as a
special case. One should compare the final results in the

limits S, — 0 and S, — 0 with the results based on the
CGL equations, deduced by many authors, see, e.g.,

Kato et al [32], Baranov and Krasnobayev [31], and
Kuznetsov and Oraevskii [33].

3. Wave equations

For simplicity we will now assume, that the basic initial
equilibrium state of the plasma is homogeneous, g = 0,
and the following quantites are  constant:

Vos Po> Pio> Pjos Bys S 19, aNd SHO' Eas.  (4-10)
automatically satisfy such an equilibrium state with non-

will
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zero thermal fluxes. We will consider small linear
perturbations of all physical variables, e.g. for pressure in
the form P="D, +p’(r,[).

Let p'(r,t) ~ expi(l; F = a)tl where @ = @, + (\70 lg)
is the wave frequency observed in the moving frame of
the fluid, and k is the wave number of the fluctuations.
For the perturbations we receive the equations

a)p’—po(k-ﬁ)zo (12)
. B,-B' B
wp,v —k| p' +=2 +k, 2B
Po (" S J an (13)
= Al &7+ k- ko (o - p)) =0,
oB - Bk -5)+(k-B,)v =0, (i-F)=o0, (14)
a, P —a1—+a2£, (15)
10 0 Po
DLy B, P (16)
Po B, Po
Deriving these equatfions we have excluded
fluctuations of the thermal fluxes, using
k* ! !’ ’ ’
g =Pl P P A B +25, 2, ()
wp, P Po Py B 0
3 2 k* ! ’ 3Br [
S‘l'zp”_o PL_p _So(—_“i i (18)
Po®@ \ Pp  Po B, Lo
Here A= P =P Eo = Eo /Bo ,

k. = (h0 -k):kcos¢. The indices /I and L correspond

to the values of the parameters along and across the
magnetic field. Even if we insert in Egs. (17-18)
S, =8,,=0, the perturbations of these functions will

never become zero: SH' #0, S| #0. That means, using

the 16-moments equations we should get more reliable
results on the wave properties in an anisofropic plasma
than with the CGL equations based on the 13-moments
equations.

Strictly speaking, the heat fluxes of particles of a kind

a should be defined as S, =nm, <% cé, >, where
¢, =u—v, is the chaotic thermal speed. In the presence

of an external magnetic field the components of this flux
are defined by the solutions of the kinefic Eqg. (1).
However, we should use here some appropriate
estimate as a parameter.

The initial collisionless heat flux functions Suo and S,
should be estimated by taking the thermal energy

density of the electrons multiplied by the non-thermal
flow speed along the magnetfic field v,

3 3
Sio zgne ky THV05:Z5VOPH'

Hollweg [34, 35] has given some estimates of the
correction parameter O (¢ in his papers) assuming
various realistic shapes of the electron distribution
function in Eq. (1) and checking the results for
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agreement with space observations. & depends on the
magnetic field. In the range of B = 0.1 - 100 G we have

0= 4-0.1. In the same way S, zié“’opy Using the
4

condition §, , << ,o(vT)ﬁl mentioned above, we get

L

some restriction for v,: &clv, <<v,,. Even for the

maximum  Alfvén velocity v, =v, this condition is

obeyed. For coronal conditions we should identify v,

with the observed non-thermal velocities which follows
from the broadening of spectral lines: ~ 30 — 50 km s71.

Let us intfroduce dimensionless parameters (in the
further text indexes “0" of physical parameters will be
omifted for simplicity):

azﬁ, a=1-a, c‘fzﬂ,
Py P (19)
B= B :é, :Cukuzﬂcow,
47rpH e 10}
—_ S _
S=—-, 8= S ;
b pi¢
§=a§L—2§H,ll =cos’ ¢, 1, =sin’ ¢ (20)

Note that g is defined here inversely proportional to
the often used “plasma beta”. By means of these
parameters the coefficients a,, , and bo,17z are defined

as
2 N - 2
00:1—77 >

a =1-28 n-an’, (21)

Having excluded p' and P’ from Egs. (12-16) we
receive

lv_a’?(%%%@)ﬁ“é')}

ne k\a B a o 4rp, (24)
LBipea)-E[oqh og |B g ||

B B|\b, aq, B \b aq) o

B BES) ko (ra)0 29

B B o a)
The k- and B -components of
equations are given by

(l_alzaz_szﬁfé-_v)_lw_

these vector

L oay b)) o I 4rp, (26)
[eha b5 |B

I, a, b, B
1(85) & (k'v)_a(B'f) b oz |B—o,127)
n BCH bO w B bO B

(B'V)_(k'ﬁ)+ (B'f’)z(), (i B)=o0.
Be, w B

In analogy to usual MHD as used by Somov et al [36],
there are two independent wave branches in the
plasma: waves which do not compress the plasma
(divv =0), and waves compressing the plasma
(divv # 0). In this paper we shall restrict ourselves to the

wave modes uncompressing the plasma.
Having inserted in Egs. (26-28) the condition of

(28)

S

a, =1+28 n-n°, (22) incompressibility (/}.;):o, and excluded the variables
s _ _ R (l;’ . \7) and (g ) B") we receive
by =1-3n",b, =238, b, =3+48n-3n". (23)

7 4 =

0.6

05

0.35ix
d 04 Vv
g =

031 0 L

0.2 4 0.25

0.1

2x
|17 SV S T , : —
02 03 04 05 06 07 08 09 10 0.0 0.2 04 0.6 0.8 1.0
o o

Fig. 1. Increment/decrement of the instability normalized to +/ ﬁ / Y as a function of the anisotropy parameter ¢ in the
domain of the instability (left picture). In the right picture the phase velocity of the unstable modes Vph = Rew/kH CH
normalized to ) is shown. The numbers on the curves are values of the propagation angle ¢ . These figures are asymptotic
ﬂ —> 00 limit cases of unstable solution of Eq. (31).
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aa'+ll[bl—aa‘—2aj (12+ajB—
a, b, a, n B

—ﬂ[bl—ZaJB ~0.
by B

As far as B'# 0 the dispersion relation must be

fulfilled:
_ 1 _ b
“Mw”}”@

[a”wzl(bl—a“l— 2a]:0. (30)
a, b, a

This is a polynomial equation of éth order in the
frequency of the fluctuations. For the parameter
Z=1/n =a)/(chH) this equation can be written in the

(29)

form
cZ’+c 2’ +e,Z v+, 70 ve,Z7 + ¢, Z +c, =0,
where
c, =3a|[p+alal,/2-1)]
G :57[30512 —ll(a—Z)]+ﬂ7(a—2),
¢, =t (dal, -3l —aal,/2-4p),
ey =yBal, -, + pla-2)+a(l(a-2)-al,))
c,=a(f-al +4l,)-3al,/2,
Cs :7[11(a_2)_a12]: co=al/2-al,
Here the dimensionless parameter y = (3/4)5\;0/(:” is

(31)

infroduced, by which the heat fluxes are defined:
§H =S =7,S=y(@-2) In the usual isotropic MHD
2
I
the phase velocities of which are equal to each other in
both directions with respect to the magnetic field. So,
instead of Z? =/ in the isofropic MHD we have
deduced now the é-th order Eq. (32) in the anisotropic
MHD. With the non-zero heat fluxesy =0, odd non-zero

case only the Alfvén waves with @” =k vf, can arise,

coefficients ¢,c,,c, Wil result in wave propagation

velocities depending on the direction of the magnetic
field. We can expect prograde and retrograde wave
modes. Let us first consider the most important limit cases
of Eq. (32) which can be solved analyfically.

4. Limit cases
4.1. Strong magnetic field

Let us consider the case vf >> c”2 or the limit
L — oo. Using the usual asymptotic expansion we find
the Six solutions of Eq. (31):

A /l—a 1 (¢ a-2
7 = 47— | =2 — 32
w=>F {ﬂ Cs 2. (06 4 a—lﬂ %2

Here ¢ =1 and ¢, # Oshould be obeyed. In the case

a >>1we have 7Z? z2,3/(1+cos2 ¢)
That means, @? ~ k‘fvj along the magnetic field,

¢—0, and @” ~2k’v; across the magnetic field,
¢—>7r/2. In the opposite case a<<1 we geft an
analogy to the inclined Alfvén waves, @* = kzvf1 . So,

the solution (32) describes the prototype of the usual
(isofropic) Alfvén waves. But for more redlistic values of

the anisotropy parameter o~ O() these mode
becomes unstable. The instability condition is

2
Lsf o<l (33)
1+cos” ¢

Instability does not arise for waves propagating along
the magnetic field, ¢ =0. The growing time increases

with the magnetic field and does not depend on ¥ . The

second term in Eq. (32) defines the phase velocity of the
unstable modes, which is independent from the
magnetic field, but it depends strongly on y. The

instability increment and the phase velocity are defined

10 ] 1.0
! 1
0.9 ¢=%E B =100 ! 091 =3 ¥ el
0.8
0871 y=1 { 1=l
a7 0.7 A
" 06 i
4 08 4
0.5 d o5
VB
0.4 i 0.4 4
0.3 4 034
0.2 4 0.2
0.1 ,\ 0.1
001 01 1 10 100 0.01 01 1 10 100
o o
Fig. 2. Increment/decrement of the instability dasa function of the anisotropy parameter ¢ for the cases with
fixed values of ¢ and }y: ﬂ = 100 (left picture) and =10 (right picture).

70



Sun and Geosphere, 2007; 2(2): 65 - 77

ISSN 1819-0839
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1
094 #=4®
087 a1
[
064
d 0.5 of
04
021 '
H
0.14 .
0ol ol :I-. I.l) 100

and fB: f=1 (left picture) and f3 = 0.1 (right picture).

Lo
09] 0= 5= p=0.1
081 4oy
0.7 4
0.6
d 0.5 4
0.4 1
0.3 1 -
011 P
ool D.Il i lrﬂ 100

o

Fig. 3. Increment/decrement of the instability d asa function of the anisotropy parameter ¢ for the cases with fixed values of }

10

1
041

r=1 i

=10 T T T
ol ] 1 100
o

10 -
-Dn%a [ B=100

~10 T T T
0.1 1 10 100
o

Fig. 4. Two characteristic cases of phase velocity Vhp = Re(w) / kH ¢ asa function of the anisotropy parameter ¢ for the cases with

fixed values of ¥ and f3: 3= 1 (left picture) and [3 = 100 (right picture).

as
Im(w) -
d= =4/pcl-a)——=——
Re(w) fell - yoal,(4-3a) ’ (34)
_Re(w) _ yal,(4-3a)
& ki, de,(1-a)

d has both signs and Ven > 0, the unstable modes
are running along the magnetic field. In Figs. 1 these
parameters are shown in the instability range of « . The
instability growing increment (or damping decrement)
has rather high values. The maxima of d correspond to
the minima of the phase velocities. For more inclined
modes d becomes larger and the minima of Ven
decrease. From the figures for different values of g and
¥ the increments and phase velocities can easily be
estimated.

The other solutions of Eq. (31) present stable waves,
Im(w)=0: Z,, = *l,

Aa-2)xr’(@-2) +121-a)’

~ 35
2(1-a) %9l

zZ

5,6

The first one is practically a symmetric slow wave with
V,, ¢, <<v,. The second solutions are strongly

asymmetric stable waves, Vpon > 0 means prograde
waves, Vpn < 0 refrograde waves. For ¢ < 1 we have Zs >
0, that means prograde waves, and Z¢ < O retrograde
ones. In this case |Zs| > |Zs|, that means retrograde
waves are faster. For ¢ > 1 we get the opposite case: Zs
<0 and Z¢ > 0. In the range 1 < a < 2 prograde waves
are faster, |Zs| > |Zs|, and for o > 2 we have |Zs| >
|Zs|. a=2 is a symmetric case, |Zs| = |Zs|. Anti-
symmetric features of waves are due to thermal fluxes. If
the thermal fluxes are not included, ¥ = 0, both waves
have the same velocities, such as in the isotropic case.
We found analytically the asymptotic solutions of Eq. (31)
for f— . In this case only one pair of solutions is

complex and can become unstable.
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Fig. 5. Absence of thermal fluxes, ) = 0. The left picture is the phase velocity V,, = Re(Z) as a function of the anisotropy
parameter ¢ for the cases of fixed values ¢ and [3. The numbers 1, 2, 3 on the curves correspond to the solutions é’ L2.3- The

right picture is the instability increment rate Zi,, = Im(Z) for different values of IB given on the curves.
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Fig. 6. The case of large thermal fluxes, ¥ = 100, where the instability growing rate Z;, = Im(Z) in dependence on the anisotropy
parameter ¢ is shown. The left and right pictures correspond to the first and second solutions of Egs. (38), respectively. The
numbers on the curves are the values of ﬂ .
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Fig. 7. Instability domain boundaries in the (« , ,b’ ) plane for fixed values of ¢ and } . In the curves Im( @ ) = 0, these values are
found as roots of Eq. (A.5). In the areas labeled with the mark “+” waves are unstable, and with “-” stable.
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Let us take from Figs. 1 one characteristic case, say @ =
0257 and y=1. For this case the exact numerical
solutions of Eq. (31) can be found. The cases g = 100, 10,

1, and 0.1 are demonstrated in Figs. 2 and 3, where the
increments of the unstable waves are shown.
For moderate values of g all the solutions become

complex. For g > 300 the picture of instability tends to

the asymptotic case as shown in Fig. 1. In these figures
we see only three roots of the polynomial equation. The
other three roots are symmetric with negative sign. Two
characteristic cases of phase velocities are shown in Figs.
4. For small and large values of & the solutions are more
symmetric, prograde and refrograde modes have more
or less the same velocities. Waves with |Vpn| = 1
practically exist in all cases. A more complicated case is
the range 1 < o < 2, where the anisofropy of the modes
is strong. An anisotropic propagation of waves is a
consequence of the thermal fluxes. Let us consider the
two limit cases, ¥ — 0 and ¥ — «, analytically.

4.2. Special case y — 0
Although the absence of fluxes, S| =0 and § =0.

is far from reality, this simplified case has been
investigated by other authors using the 13-moments
equations. Putting y = 0 into Eq. (31) we receive a cubic

equation for ¢ = Z*:
el +e, it +e,d+e, =0

So we have only symmetric solutions, Z = i\/Z:

(36)

i =5+, _%’
(37)

V3

1 .
$as :_E(Sl +S2)_%i17(s1 _Sz)-

]
Here s, , :(ri\/E%, o=q'+r, =g /3-2:/9,

r= (glgz —3g0)/6—g§/27,
&> :C4/C(w 8 262/06, g9 =¢/Cs-

The analytfical solutions ¢,,¢,, and ¢ allow to
investigate them in more detail in dependence on the
parameters «, S, and @. For low values of g ¢, is real
and positive, but the 4/273 values are complex conjugate
functions. Some characteristic cases are shown in Figs. 5.
For small g <1 there appear two ranges of &, where the
waves become unstable, Im(Z)# 0. These instability

domains are in the < 1 and a> 1 regions. With
increasing g the left instability domain becomes narrow

and is shifted to the point o= 1. The right domain is
shiffed from this point away to the right-hand sight. With
further increase of £ in the right domain the instability

disappears, Im(Z) — 0. For large values of f (f>> 1 for
a< 1 and f>>g*> for @ > 1) the first solution of

1
Z:ié’lA passes to the solution (32), which is the
prototype of Alfvén waves. The reason is that for such
large B we get Re(s,) ~ Re(s,) and Im(s,) = —Im(s, ). sO
¢, <0 and ¢, >0. In the subsequent section we
investigate the dependence of the parameters

determining the conditions for the appearance of the
instability. For the present case ) = 0 this condition is Eq.

(41) which describes the points of Im(Z) = 0 in Figs. 5.

4.3. Highly anisotropic wave propagation

The more realistic case ¥ >> 1 is also of interest. We
have already seen that for large g values y # 0 makes
the wave propagation velocities strongly anisofropic with
respect to the magnetic field direction. In the limit y >>
1 we have the following asymptotic solutions of Eq. (31):
cZ+c,Zy +c,Zy +c,

2 2
27, (2¢sZy +c5)

pe —c, t4/ci —4decy

0 2c

The four asymptotic solutions, which are included in
Egs. (38), are symmetric with respect to the phase
velocities, but they are highly unstable. Some
characteristic pictures for the instability growing rates of
these solutions are shown in Figs. 6. It is seen that with
increasing ¥ the instability areas are shifted to the

region o > 2.
The remaining two solutions of Eqg. (31) describe

stable, but highly anisotropic modes with slow and high
phase velocifies:

2
7 o~ S0 _[ S| G676
57~ 2
¢ ¢

L=~Z,—
(38)

(39)
C: C,Ci—CsC
] __5+45—236
Cs Cs

These asymptoftic solutions can be used for moderate
values of #. In the limit ¥=f >> 1 we have four stable
and two unstable solutions. We consider here only
complex solutions describing instability:

a-2
Z~ti |f——mF——
l\/ﬂalz ~l(a-2)

In this case the instability range is 2 < & < 2/, /(I, — 1, ).
This condition is obeyed only for the propagation angles

T
O<p<—.
¢ 4

(40)

The asymptotic solutions which are valid for large ¥

are in good agreement with the exact numerical
solutfions of Eq. (31). They can simply be handled.

5. Domains of instability
The coefficients ¢,.....c4 of Eq. (31) are real functions

of the magnetic field parameter S, of the anisotropy
parameter ¢, of the thermal flux parameter ¥ , and of
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the wave propagation angle ¢ In dependence on
these parameters the solution z(a,p,y,¢) can become

complex, otherwise an instability will arise. Formally in this
case an exponential damping and a growing of the
wave amplitudes exist at the same time. This is because
the nonzero imaginary part of the solution of Eq. (31) has
both signs. In the Appendix we derive analytically the
general condition for which the instability can exist. The
parametric equation D(a,f,7,¢)=0 in Eq. (A.5) (See:

Appendix) defines the boundaries of the instability
domain. If thermal fluxes are absent which is fitted by the
limit case y =0, Eq. (A.5) is drastically simplified.

We have
a=1,2¢c,=a(l+1,)-2], =0,
and
D, =27cici +2¢,c, (202 - 90206)+ c: (4czc6 - cf): 0.(41)

In the instability domains D > 0. This idealized case is
shown in Figs. 7. Instability areas are labeled by the sign
“+". The line ¢ = 1 divides the areas into two partfs. With
increasing [ the instability disappears. The differences

of these results from the corresponding results of Baranov
and Krasnobayev [31] and, Kuznetsov and Oraevskii [33]
are probably due to the more general equations which
we are using here.

A physically more interesting range of parameters
with ¥ # 0 for the instability areas is also shown in Figs. 7.

In this case all conditions are more complicated. For the
given set of parameters we can gef one, two, or all three
pairs of complex solufions. The condition Eq. (A.5)
includes all of these situations. Every point in these curves
corresponds to the boundary of the instability domain.
The thermal flux case y =0 make the areas very

complicated, especially for strong magnetfic fields,
S>>1. All the increments or instability rate regions shown

in the pictures above as examples are described by the
general Eq. (A.5).

6. Concluding remarks

Our approach has been motivated by earlier and
recent coronal spectral line observations, which suggest
that the following three unresolved coronal physics
problems have probably a common origin:

i) a broadening of coronal line profiles due to some
permanent furbulent motions, which exist globally
everywhere;

i) the sources of coronal heating are independent
from the magnetic activity phase and to a minor extent
from the magnetic configurations;

i) the partficle acceleration and the solar wind
problems seem to have the same origin.

We prefer here the idea of the wave mechanism. In
spite of so much theoretical efforts based on the
isotropic  MHD equations, the problems remained
unsolved. The wusual MHD equations are derived
assuming that the plasma is still collision-dominated and
the gas pressure is isofropic. However, this approximation
cannot work safisfactory in a rarefied hot magnetized
plasma.

Of course, the best way is the use of the kinetic
Boltzmann-Viasov equations avoiding usual MHD.
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However, the solution of these nonlinear integro-
differential equations written for each plasma
component in the é-dimensional phase space of (u, r) is
extremely difficult. Besides, we are not interested in any
small-scale plasma wave turbulence. We have to study
the plasma motions integrated over large space and
time scales (this is done by applying the MHD equations
in usual cases). For this aim we use the 16~-moments
fransport equations, derived as integrated moments of
the kinetic equations. In earlier similar attempts the 13-
moments equations have been used. However, these
equations without any motivations exclude the
appearance of the thermal fluxes and they are therefore
incomplete.

Anisotropy is the main feature of a collisionless
plasma with a strong magnetic field (/1631. >> 1, ). Within

large enough time intervals, t — «, both the electron and
the ion components of the plasma tend to reach a
steady Maxwellian distribution. If there would be no
external magnetic field, an isofropic state would be
reached. However, the magnetic field results in non-

uniform distributions of speeds, u Fu, . that leads to an

anisotropy in the impulses of particles. In the present
study the pressure anisofropy is described by the
parameter ¢ and heat fluxes by ¥ . Taking ¥ = 0 we do
no pass fo the 13-moments equations, or taking a = 1
and ¥ =0 we do no pass to the isotropic MHD case. The
16~moments equations are in principle different
equations. Using these equations we have shown that a
wide unstable and stable wave spectrum in the
collisionless anisotropy plasma is possible, even in the
incompressible approximation. If y # 0 (heat fluxes are
present) the waves run along and against the magnetic
field with different speeds. This behavior is different from
the usual isotropic MHD case. This spectrum range is
stfrongly dependent on the magnetic field value
(parameter ), on the pressure anisotropy parameter«a,

on the heat fluxes parameter ¥, and on the wave

propagation angle ¢ with respect to the magnetic

field. The deduced instability increments are rather large.
We have obtained the general instability condition.

Let us consider some example of the instability
growing fime for coronal values. In accordance with
observations it is probable that the ions (profons and
heavy ions) are heated more strongly in the direction
across the magnetic field than along it: TL/T‘I =A>1.
Some observations of the solar wind (see, e.g., Marsch
[20]) detected an electron temperature anisofropy with
an opposite relation: Te” >1T,, . In the corona the ion
temperature anisotfropy results in an anisofropy of the
partial gas pressure and thus of the total pressure,

p=p,+p,. If we take n, ~n, andp~nk(T, +T,).
then a=p, /p, z(Te +Tl)/(T€ +7]‘). To estimate o we
should know the relation betweenTe and T .

Four cases should be considered:
1) T, =T, and then g =(1+A)/2>0.5;
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2) T, ~T, andthen g =2A/(1+A)<2;
3) T, z(TL +TH)/2 and then o =(1+3A)/(3+A), where
033< a <3

4) Te:ﬁiTﬂ+T2Hi/2
and a = W1+ A" +42A ) [Vi+ A +42)
where (1+\/§)71 <a<(1+\/§).

The first version is perhaps the most probable one. In
any case let us take ¢ = 1.5. Let also Bo = 3G and Te =

10¢K.Then S =10 and ¢; = ¢, ~ 100 km s~'. We assume

Vo ~ ¢, and then ¥ ~1.So from Figs. 2 we see that for

such parameters d = 0.3 and Vpn ~ 1. d = 0.3 means that
Pw/tins ~ 2, where P is the wave period, and fins is the
characteristic growing time. For Pw ~ 5 min we have a
transverse wavelength of A ~10% km. These estimates
belong to the oscillation range observed in coronal
loops [7] (see Section 1). Quickly growing modes will
likely disappear due to nonlinear dissipation.

In a collisionless approach under the influence of an
external magnetic field we should, strictly speaking,
consider the equations for four different temperatures,
T, #T,and T, #T.. However, on real conditions the

relaxation time of particles is small enough, ; <<, . Thus,

the balance between ion and electron temperatures is
quickly restored, and the anisotropic temperatfures with
respect to the magnetic field become more important.

In subsequent studies the present work should be
extended to the compressible case and to the
consideration of radiative losses, such as it has been
done by Somov et al [36] for isofropic MHD.
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Appendix A: Dependence of the instability
domains on the parameters

Let us consider a polynomial equation of degree N
with real coefficients cn:

N
P=>¢cZ"=0 (A1)
n=0

Here the coefficients are functions of several
parameters, say a,f,y and ¢. Physically instability is

possible only if the solutions become complex, because
Z is a dimensionless wave frequency. As the coefficients
are real the complex solutions of Eg. (A.1) are
conjugated: Z = x % iy. For x and y we have two
equations:

/i =Re(P)=0, £, =~1m(P)=0
Yy

where f| =f1(cj;x;y), L=/ (cj;x;y) The boundaries
of the instability domains are defined by the equations
fl(cj;x;O)= 0 and f2(cj;x;0): 0. So we get from Eq.
(A.1) the following two equations:

N N

-1
chx" =0, ch”x” =0
n=0 n=0

To verify this statement let us first test the quadratic
equation case: N = 2. In this case Eq. (A.1) has two

solutions: 2¢,7 =—¢, + /cf —4¢,c, - The instability appears
if the condition cf <4c,c, is fulfiled. In this case the

(A.2)

(A.3)

boundaries of the domain of instability are given by the
parametric equation  D(a,f,7,¢)= ¢} —4c,c, =0. For
this sample Eqs.(A.3)
¢y tex+e,x’ =0, ¢, +2c,x=0

are

Excluding here the variable x we can get the same
domain equation D(a, B,7,4)=0.

The same procedure can be applied to the more
general case when N is an arbitrary number. For our 6 th-
order wave dispersion Eq. (31) N = 6. If we exclude x from
Egs. (A.3) in this case we receive the necessary condition
for the wave instability.

Let us take d, = (1-j/6)c,, j=0.,..6,

5 6 4
ml:d4—d5&; m2:5c5+ﬁ sﬁ—ag ,
6c, m, ¢,
4 6 3
my =20 d 2 g |+ 258 3 2D |+ e,
m, 6c; m, 6¢;
4
m, 6¢c, m, 6¢;

rl=& Szﬁ—a’l +6& a’sc—l—c0 +2c,,
m, ¢, m, 6c,

m 3c 6c 2c
r,=—2|d,=——d, |+ —%|d, =2 ~d, |+3c,,
m, ¢ m, 6¢;
m, c
Sy =1, — —ds—+c¢,,
m, 6c,
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2c
Sl:}"li— Oi_dsiz"l‘dl,
6¢
3 3 6
m, m, 3c,
S, =1, ——n——d;,——+d,,
3 ms Cs
Sy S s
S;y=h —Mmy—=——— H =My —
Sy 5 2

(A.4)

Then we have the final parametric equation for
boundaries of the instability domain to be determined:

2
s s
D(a,,b’,;/,¢)=sz[s4j -, S—4+s0 =0

3 3

(A.5)
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