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Enrico FERMI Thermodynamics (Dover, 1936)

The entropy of a system composed of several parts is very
often equal to the sum of the entropies of all the parts. This
is lrue If the energy of the system is the sum of the energies
of all the parts and If the work performed by the system
during a transformation is equal to the sum of the amounts
of work performed by all the parts. Notice that these
conditions are not quite obvious and that in some cases
they may not be fulfilled. Thus, for example, in the case of a
system composed of two homogeneous substances, it will
be possible to express the energy as the sum of the
energies of the two substances only if we can neglect the
surface energy of the two substances where they are in
contact. The surface energy can generally be neglected
only if the two substances are not very finely subdivided,
otherwise, it can play a considerable role.
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TYPICAL SIMPLE SYSTEMS: N
Short-range space-time correlations e'g" W(N) o lu (,U > 1)

Markovian processes (short memory), Additive noise

Strong chaos (positive maximal Lyapunov exponent), Ergodic, Riemannian geometry
Short-range many-body interactions, weakly quantum-entangled subsystems
Linear/homogeneous Fokker-Planck equations, Gausssians

- Boltzmann-Gibbs entropy (additive)

-> Exponential dependences (Boltzmann-Gibbs weight, ...)

TYPICAL COMPLEX SYSTEMS: [ o J§/(N)oc N” (p > 0)

Long-range space-time correlations

Non-Markovian processes (long memory), Additive and multiplicative noises
Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry
Long-range many-body interactions, strongly quantum-entangled sybsystems
Nonlinear/inhomogeneous Fokker-Planck equations, g-Gaussians

- Entropy Sq (nonadditive)

- g-exponential dependences (asymptotic power-laws)



ADDITIVITY: O. Penrose, Foundations of Statistical Mechanics: A Deductive Treatment
(Pergamon, Oxford, 1970), page 167

An entropy 1s additive 1f, for any two probabilistically independent
systems A and B,

S(A+B)=85(4)+S(B)
Therefore, since

S, (A+B)=S5_(A)+S (B)+(1-¢q) S (A4) S, (B),
S, and S (fe”y '(Vq) are additive, and S , (Vg #1) is nonadditive .

EXTENSIVITY:

Consider a system 2 = 4, + A4, +...+ 4,, made of N (not necessarily independent)
identical elements or subsystems 4, and 4,, ..., 4.
An entropy 1s extensive 1f

0< lim S(N)
N —oo N

<oo, e, S(N)ec N (N — o)



EXTENSIVITY OF THE ENTROPY (N — o)

IfW(N)~p" (u>1)

= S,,(N)=k,InW(N) <N  OK!
IfW(N)~N" (p>0)

= S (N) =k,In W(N)e<[W(N)]™ oc NP

=S, (N) <N OK!

g=1-1/p
IFWN)~v" (v>1;0<y<]l)
= S,(N)=k,[InW(N)] e N7°

= S(S:W(N) oc N OK!

IMPORTANT:  u" >>v¥ >>N? if N>>1
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Nonadditive entropy reconciles the area law in quantum systems with classical thermodynamics
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The Boltzmann-Gibbs—von Neumann entropy of a large part (of linear size L) of some (much larger)
d-dimensional quantum systems follows the so-called area law (as for black holes), i.e., it is proportional to
L*"'. Here we show, for d=1,2, that the (nonadditive) entropy S, satisfies, for a special value of g # 1, the
classical thermodynamical prescription for the entropy to be extensive, i.e., Sq'xL". Therefore, we reconcile
with classical thermodynamics the area law widespread in quantum systems. Recently, a similar behavior was
exhibited in mathematical models with scale-invariant correlations [C. Tsallis, M. Gell-Mann, and Y. Sato,

Proc. Natl. Acad. Sci. U.S.A. 102 15377 (2005)]. Finally, we find that the system critical features are marked
by a maximum of the special entropic index gq.



SPIN 2 XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD:

Z (14+7)676% ) + (1 —7)6%6Y, | +2)57]

j=1
7 =1 — Ising ferromagnet

O0< |y| <1 — anisotropic XY ferromagnet
Y =0 — isotropic XY ferromagnet

A = transverse magnetic field

L =length of a block within a N — oo chain

F. Caruso and C. T., Phys Rev E 78, 021101 (2008)
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Using a Quantum Field Theory result
in P. Calabrese and J. Cardy, JSTAT P06002 (2004)

we obtain, at the critical transverse magnetic field,

V9+¢* =3

C

qem‘ —

with ¢ = central charge in conformal field theory

Hence
: : : 1
Ising and anisotropic XY ferromagnets = ¢ = > = q,, = J37 -6 =0.0828
and
Isotropic XY ferromagnet = ¢=1 = ¢, = J10-3 =0.1623

F. Caruso and C. T., Phys Rev E 78, 021101 (2008)



(d=1; T=0)

(pure magnet with critical transverse field)
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A Saguia and MS Sarandy, Phys Lett A 374, 3384 (2010)
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CENTRAL LIMIT THEOREM

Nl/[a(Z-q)]

with symmetric distribution [ (X) with Op = de X[ f(x)]° /de [£(0)]° (Q 2g-1,q, = ;-I-C] }

-scaled attractor F(x) when summing N — oo ( -independent identical random variables

qg=1 [independent]

qg#1(ie, O=2qg—-1 #1) [globally correlated ]

F(x) = Gaussian G(x),

F(x)=G,(x) =G,

(3q 1 l+q

(x) with same o, of f(x)

o< G(x) if | x<<x,(q,2)
o0 . ~
0 with same o, of f(x) G,(x) f(x)~C, /|x|2/(q_1) i 1x 5> x (4.2)
(ax=2) L
th 1 2) =0
Classic CLT with Tim, _, , x.(¢,2) =
S. Umarov, C. T. and S. Steinberg, Milan J Math 76, 307 (2008)
F(x) = Levy distribution L,(x) F(x)=L,, ., with same |x|— e asymptotic behavior
with same | x| — oo behavior . 2(1_2‘1()1__0;()3_q)
G2(1—q)—a(1+q) a(x) - Cq,a/ [ x
) 2(1-q)~a(3—q)’
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S. Umarov, C. T., M. Gell-Mann and S. Steinberg
J Math Phys 51. 033502 (2010)
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Group entropies, correlation laws, and zeta functions

Piergiulio Tempesta”
Departamento de Fisica Tedrica Il, Facultad de Fisicas, Ciudad Universitaria, Universidad Complutense, E-28040 Madrid, Spain
(Received 15 February 2011; revised manuscript received 3 May 2011; published 10 August 2011)

The notion of group entropy is proposed. It enables the unification and generaliztion of many different
definitions of entropy known in the literature, such as those of Boltzmann-Gibbs, Tsallis, Abe, and Kaniadakis.
Other entropic functionals are introduced, related to nontrivial correlation laws characterizing universality classes
of systems out of equilibrium when the dynamics is weakly chaotic. The associated thermostatistics are discussed.
The mathematical structure underlying our construction is that of formal group theory, which provides the
general structure of the correlations among particles and dictates the associated entropic functionals. As an
example of application, the role of group entropies in information theory is illustrated and generalizations of the
Kullback-Leibler divergence are proposed. A new connection between statistical mechanics and zeta functions
is established. In particular, Tsallis entropy is related to the classical Riemann zeta function.
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CONSERVATIVE MC MILLAN MAP:
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G. Ruiz, T. Bountis and C. T., Int J Bifurcat Chaos 22, 1250208 (2012)



(4,€)=(1.6,1.2)

N=2 N=2
. ‘ ,

FIG. 10, Structure of phase space plot of Mc. Millan perturbed map for parameter values p = 1.6
and € = 1.2, starting form a randomly chosen initial condition in a square (0,107°) x (0,1079),

and fori=1...N (N =210 213 N16 N18) itarates.

G. Ruiz, T. Bountis and C. T., Int J Bifurcat Chaos 22, 1250208 (2012)
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CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS

A

V(ir)~——  (r—>o)  (4>0, a>0)

integrable if o/d>1
non-integrable if 0<oa/d <1

(short-ranged)
(long-ranged)
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OZONE LAYER HOLE

10-50 Km above Earth
It absorbs 93-99% of the sun’s high frequency ultraviolet light
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Tsallis’ g-triplet and the ozone layer
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ARTICLE INFO ABSTRACT
Article history: Tsallis' g-triplet [C. Tsallis, Dynamical scenario for nonextensive statistical mechanics,
Received 23 September 2009 Physica A 340 (2004) 1-10] is the best empirical quantifier of nonextensivity. Here we

Received in revised form 24 November
2009
Available online 22 December 2009

study it with reference to an experimental time-series related to the daily depth-values of
the stratospheric ozone layer. Pertinent data are expressed in Dobson units and range from
1978 to 2005. After the evaluation of the three associated Tsallis' indices one concludes that
nonextensivity is clearly a characteristic of the system under scrutiny.




Original data = mean value + long range tendency + annual oscillation + quasi-biannual one + Z,

100 . | . . . .

n
-
|

Z (U. Dobson)
o

1980 1985 1990 1995 2000 2005

Fig. 1. Time-series Z,. Daily values of the ozone layer over Buenos Aires city.

G.L. Ferri, M.F.R. Savio and A. Plastino, Physica A 389, 1829 (2010)



q.,,= 132%0.06
q.,, =—38.1%£0.02
q., = 1.89%£0.02

hence

qsens < 1 < qsmt < qrel

G.L. Ferri, M.F.R. Savio and A. Plastino, Physica A 389, 1829 (2010)
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Keywords:

Tsallis non-extensive statistics
Non-equilibrium phase transition
Intermittent turbulence
Self-organized criticality

Low dimensional chaos
Magnetosphere

Superstorm

ABSTRACT

In this study we use Tsallis non-extensive statistics for a new understanding the
magnetospheric dynamics and the magnetospheric self-organization during quiet and
intensive superstorm periods. The Geens, Gsar, and Gy indices set known as the Tsallis
g-triplet was estimated during both quiet and strongly active periods, as well as the
correlation dimensions and Lyapunov exponents spectrum for magnetospheric bulk
plasma flows data. The results obtained by our analysis clearly indicate the magnetospheric
phase transition process from a high-dimensional quiet SOC state to a low-dimensional
global chaotic state when superstorm events are developed. During such a phase
transition process the non-extensive statistical character of the magnetospheric plasma
is strengthened as the values of the g-triplet indices changes obtaining higher values than
their values during the quiet periods.

© 2012 Elsevier B.V. All rights reserved.



Table 1

Summarize parameter values of magnetospheric dynamics: From the top to the bottom we
show: changes of the ranges Aa, A(D,) of the multifractal profile. The g-triplet (g_sen, g_stat,
g_rel) of Tsallis. The values of the maximum Lyapunov exponent (Li), the next Lyapunov
exponent and the correlation dimension (D).

Vx quiet Vx storm
A = Umax — Umin 1.069 = 0.011 1.644 = 0.03
A(D,) 0.721 1.205
g_sen 0.1343 = 0.0267 0.3237 £ 0.0608
g_stat 1.120 = 0.092 2.370 = 0.056
g_rel 1.150 = 0.080 2.910 = 0.080
L1 ~0 =0
Li, (i = 2) <0 <0

D (cor. Dim.) =8 <4-5
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Nonextensivity in the solar magnetic activity during the increasing
phase of solar cycle 23

D. B. DE FrREITAS® and J. R. DE MEDEIROSP)
Departamento de Fisica, Universidade Federal do Rio Grande do Norte - 59072-970 Natal, RN. Brazil
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On the non-extensivity in Mars geological faults

FILIPPOS VALLIANATOS
Technological Educational Institute of Crete, Laboratory of Geophysics and Seismology - Crete, Greece, EU

received 14 January 2013; accepted in final form 1 April 2013
published online 3 May 2013

PACS 89.75.Da - Systems obeying scaling laws
PACS 89.75.-k - Complex systems
PACS 96.30.Gc —- Mars

Abstract - A non-extensive statistical physics approach is tested for the first time in a planetary
scale, for the fault length distribution in Mars estimated a non-extensive g-parameter equal to
1.277 for normal faults and 1.114 for thrust ones. The latter support the conclusion that the fault
systems in Mars are subadditive ones in agreement with recent observations for faults in Earth
and Valles Marineris extensional province, Mars. In addition, an analysis of the global Mars fault
system as a mixed one, consisted of the normal and thrust subsystems with different g-parameters
is presented, leading to ¢ = 1.22.



Fig. 1: (Colour on-line) Global distribution of faults on Mars
Western hemisphere (left) and eastern hemisphere (right),
extracted from [22] and [42]. The extensional faults (in red)
are mainly concentrated in the Western hemisphere, while the
contractional faults, are located in both Mars hemispheres.
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Nonextensive distributions of asteroid rotation periods
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ABSTRACT

Context. We investigate the distribution of asteroid rotation periods from different regions of the solar system and diameter distribu-
tions of near-Earth asteroids (NEAs).

Aims. We aim to verify if nonextensive statistics satisfactorily describes the data.

Methods. Light curve data were taken from the Planetary Database System (PDS) with Rel > 2. We also considered the taxonomic
class and region of the solar system. Data of NEA were taken from the Minor Planet Center.

Results. The rotation periods of asteroids follow a g-Gaussian with ¢ = 2.6 regardless of taxonomy, diameter, or region of the solar
system of the object. The distribution of rotation periods is influenced by observational bias. The diameters of NEAs are described
by a g-exponential with g = 1.3. According to this distribution, there are expected to be 994 + 30 NEAs with diameters greater than
1 km.




Fig. 3. Log-log plot of the decreasing cumulative distribution of periods
of 3567 asteroids (dots) with Rel > 2 taken from the PDS (NASA)
and a g-Gaussian distribution (N.(p) = Mexp,(-B,p")) (solid line),
with ¢ = 2.6, 8, = 0.025 h™>, M = 3567. The other curves are 663
S-complex asteroids (diamonds, blue online), 503 C-complex asteroids
(squares, green online), 321 X-complex asteroids (triangles, magenta
online). Inset shows the 3567 asteroids and the g-Gaussian in a linear-

linear plot.



Fig.4. Decreasing cumulative distribution of diameters of known

NEAs in 2001 (1649 objects, green dots) and in 2010 (7078 ob-
jects, black dots). Solid lines are best fits of g-exponentials (N.(D) =

M exp,(-B,D)). Blue line (2001): ¢ = 1.3, 8, = 1.5 km™', M = 1649,
red line (2010): ¢ = 1.3, 8, = 3 km™', M = 7078. Normal exponen-
tials (g = 1) are displayed in the main panel for comparison (dashed
violet, with 8; = 1.5 km™!, M = 1649, and dot-dashed magenta, with
By =3km™', M =7078).
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Transverse-Momentum and Pseudorapidity Distributions of Charged Hadrons
in pp Collisions at \/s = 7 TeV

V. Khachatryan et al.*
(CMS Collaboration)

(Received 18 May 2010; published 6 July 2010)
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Measurement of neutral mesons in p + p collisions at /s = 200 GeV
and scaling properties of hadron production
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FIG. 13. The ps; spectra of various hadrons measured by
PHENIX fitted to the power law fit (dashed lines) and Tsallis
fit (solid lines). See text for more details.
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Tsallis fits to p, spectra and multiple hard scattering in pp collisions at the LHC

Cheuk-Yin Wong
Oak Ridge National Laboratory, Physics Division, Oak Ridge, Tennessee 37831, USA

Grzegorz Wilk

National Centre for Nuclear Research, Warsaw 00-681, Poland
(Received 12 May 2013; published S June 2013)

Phenomenological Tsallis fits to the CMS, ATLAS, and ALICE transverse momentum spectra
of hadrons for pp collisions at LHC were recently found to extend over a large range of the transverse
momentum. We investigate whether the few degrees of freedom in the Tsallis parametrization may
arise from the relativistic parton-parton hard-scattering and related processes. The effects of the
multiple hard-scattering and parton showering processes on the power law are discussed. We find
empirically that whereas the transverse spectra of both hadrons and jets exhibit power-law behavior
of 1/p% at high p;, the power indices n for hadrons are systematically greater than those for jets, for
which n ~ 4-5.
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Black holes and thermodynamics*

S. W. Hawking f
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and Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, England
(Received 30 June 1975)

A black hole of given mass, angular momentum, and chargé can have a large number of different
unobservable internal configurations which reflect the possible different initial configurations of the matter
which collapsed to produce the hole. The logarithm of this number can be regarded as the entropy of the
black hole and is a measure of the amount of information about the initial state which was lost in the
formation of the black hole. If one makes the hypothesis that the entropy is finite, one can deduce that the
black holes must emit thermal radiation at some nonzero temperature. Conversely, the recently derived
quantum-mechanical result that black holes do emit thermal radiation at temperature xh/2mw kc, where x is
the surface gravity, enables one to prove that the entropy is finite and is equal to ¢ ’4/4 Gh, where A is the
surface area of the event horizon or boundary of the black hole. Because black holes have negative specific
heat, they cannot be in stable thermal equilibrium except when the additional energy available is less than 1/4
the mass of the black hole. This means that the standard statistical-mechanical canonical ensemble cannot be
applied when gravitatiohal interactions are important. Black holes behave in a completely random and time-
symmetric way and are indistinguishable, for an external observer, from white holes. The irreversibility that
appears in the classical limit is merely a statistical effect.




When entropy does not seem extensive

Exvller speculations about the entropy of black holes has prompted an ingenious calculation suggesting that
extopy may (In special circumstances) be the same inside and outside an arbitrary boundary.
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When entropy does not seem extensive
John Maddox, Nature 365, 103 (1993)

Everybody who knows about entropy knows that it is an
extensive property, like mass or enthalpy. [...] Of course,
there is more than that to entropy, which is also a measure
of disorder. Everybody also agrees on that. But how is
disorder measured? [...] So why is the entropy of a black
hole proportional to the square of its radius, and nof to the
cube of it? To its surface area rather than to its volume?
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How robust is the entanglement entropy-area relation?

Saurya Das"* and S. Shankaranarayananz‘r

'Department of Physics, University of Lethbridge, 4401 University Drive, Lethbridge, Alberta TIK 3M4, Canada

*HEP Group, International Centre for Theoretical Physics, Strada costiera 11, 34100 Trieste, Italy
(Received 30 November 2005; revised manuscript received 24 May 2006; published 28 June 2006)

We revisit the problem of finding the entanglement entropy of a scalar field on a lattice by tracing over
its degrees of freedom inside a sphere. It is known that this entropy satisfies the area law—entropy
proportional to the area of the sphere—when the field is assumed to be in its ground state. We show that
the area law continues to hold when the scalar field degrees of freedom are in generic coherent states and a
class of squeezed states. However, when excited states are considered, the entropy scales as a lower power
of the area. This suggests that, for large horizons, the ground state entropy dominates, whereas entropy
due to excited states gives power-law corrections. We discuss possible implications of this result to black
hole entropy.

The area (as opposed to volume) proportionality of BH
entropy has been an intriguing issue for decades.
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Ideal gas in a strong gravitational field: Area dependence of entropy

Sanved Kolekar* and T. Padmanabhan’
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(Received 24 January 2011; published 24 March 2011)

We study the thermodynamic parameters like entropy, energy etc. of a box of gas made up of
indistinguishable particles when the box is kept in various static background spacetimes having a horizon.
We compute the thermodynamic variables using both statistical mechanics as well as by solving the
hydrodynamical equations for the system. When the box is far away from the horizon, the entropy of
the gas depends on the volume of the box except for small corrections due to background geometry. As the
box is moved closer to the horizon with one (leading) edge of the box at about Planck length (L ,) away
from the horizon, the entropy shows an area dependence rather than a volume dependence. More precisely,
it depends on a small volume A, L, /2 of the box, up to an order O(L - /K)? where A | is the transverse
area of the box and K is the (proper) longitudinal size of the box related to the distance between leading
and trailing edge in the vertical direction (i.e. in the direction of the gravitational field). Thus the
contribution to the entropy comes from only a fraction O(L ,/K) of the matter degrees of freedom and the
rest are suppressed when the box approaches the horizon. Near the horizon all the thermodynamical
quantities behave as though the box of gas has a volume A L ,/2 and is kept in a Minkowski spacetime.
These effects are: (i) purely kinematic in their origin and are independent of the spacetime curvature (in
the sense that the Rindler approximation of the metric near the horizon can reproduce the results) and
(ii) observer dependent. When the equilibrium temperature of the gas is taken to be equal to the horizon

temperature, we get the familiar A | / L'f, dependence in the expression for entropy. All these results hold in
a D + 1 dimensional enherically cummatric cnaratima Tha analucic haced an mathnde af ctatictical

mechanics and the one Thus the extensive property of
lead to the same result | oy tropy no longer holds and one can check that it does not
hold even in the weak field limit discussed above when
L > A that is, when gravitational effects subdue the ther-
mal effects along the direction of the gravitational field.




SINCE THE PIONEERING BEKENSTEIN-HAWKING RESULTS,
PHYSICALLY MEANINGFUL EVIDENCE HAS ACCUMULATED
(e.g., HOLOGRAPHIC PRINCIPLE) WHICH MANDATES THAT

thblack hole < AREA

THIS IS PERFECTLY ADMISSIBLE AND MOST PROBABLY CORRECT.
HOWEVER,

IS THIS QUANTITY THE THERMODYNAMICAL ENTROPY???
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Black hole thermodynamical entropy

Constantino Tsallis'->?, Leonardo J.L. Cirto'"
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Abstract As early as 1902, Gibbs pointed out that systems
whose partition function diverges, e.g. gravitation, lie out-
side the validity of the Boltzmann-Gibbs (BG) theory. Con-
sistently, since the pioneering Bekenstein—-Hawking results,
physically meaningful evidence (e.g., the holographic prin-
ciple) has accumulated that the BG entropy Sz of a (3 + 1)
black hole is proportional to its area L“ (L being a charac-
teristic linear length), and not to its volume L3. Similarly
it exists the area law, so named because, for a wide class
of strongly quantum-entangled d-dimensional systems, Sgg
is proportional to InL if d = 1, and to L4~ ! if d > 1, in-
stead of being proportional to L? (d > 1). These results vi-

olate the extensivity of the thermodynamical entropy of a
d-dimensional system. This thermodynamical inconsistency
disappears if we realize that the thermodynamical entropy of
such nonstandard systems is not to be identified with the BG
additive entropy but with appropriately generalized nonad-
ditive entropies. Indeed, the celebrated usefulness of the BG
entropy is founded on hypothesis such as relatively weak
probabilistic correlations (and their connections to ergodic-
ity, which by no means can be assumed as a general rule of
nature). Here we introduce a generalized entropy which, for
the Schwarzschild black hole and the area law, can solve the
thermodynamic puzzle.




Various arguments (phenomenological, holographic principle,
string theory, area law, etc) yield
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C.T. and L.J.L. Cirto, Eur. Phys. J. C 73, 2487 (2013)
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Nonlinear Relativistic and Quantum Equations with a Common Type of Solution

F.D. Nobre."* M. A. Rego-Monteiro,] and C. Tsallis"?
'Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems,
Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro—RJ Brazil
2Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
(Received 25 October 2010; published 4 April 2011)

Generalizations of the three main equations of quantum physics, namely, the Schrodinger, Klein-
Gordon, and Dirac equations, are proposed. Nonlinear terms, characterized by exponents depending on an
index ¢, are considered in such a way that the standard linear equations are recovered in the limit ¢ — 1.
Interestingly, these equations present a common, solitonlike, traveling solution, which is written in terms
of the g-exponential function that naturally emerges within nonextensive statistical mechanics. In all
cases, the well-known Einstein energy-momentum relation is preserved for arbitrary values of g.
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g — generalized Schroedinger equation

(quantum non-relativistic spinless free particle)

ox) x|
1 ) 1
ihé?t dj :_Ziquvz cljo (g€ K)

0

Its exact solution is given by

—_ —

(I)(;C,l‘) — (I)O ei(; ' ;_Et)/h _ (I)O ei(k . x—a)t)
9 q
2

E= % (Newtonian relation!)
m

with E =hw (Planck relation!) > Vq
p=nhk (de Broglie relation!)

N

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



g-generalized Klein-Gordon equation:

(quantum relativistic spinless free particle: e.g., mesons 1)

, = - —~ \ 72(¢-D
1 0 (D(x,t) 2.2 CI)(x,t)

¢t ot

Vzcb(},z) _ (g € R)

Its exact solution is given by
- (p . x—Et)/n (5 -
(D(x,t):(l)o el(p X )/ :(DO el(k.x a)t)
q q
with
E’=p’cc+m’c* (Vq) (Einstein relation!)

Particular case: m=0 = ¢g-plane waves
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



g-generalized Dirac equation:
(quantum relativistic spin 1/2 matter and anti-matter free particles:

e.g., electron and positron)

in ’ (Da(tx’t) ; ihc(&ﬁ')q)(},t) = Bmc? A (}z) cb(},z) (g € R)
with
o= ( ) B = (i) 01] (4 X 4 matrices)
—g-1
A (x z) =5, k3 £ 1 ( A0 (;t) _ 51-,-) (4% 4 matrix)

where {aj} are complex constants.
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



Its exact solution is given by

(= (7))
() (x,t)
ay (a,) (3,
. O (x,t B o
(I)(x,t)z 2 ) _ d, el(p x—Et)/h _ a, el(k P
(133()6,1) a, | 4 a, | 4
() (;Cl‘ \a4) \a4/
AN Y
/al\
. a, .
with being the same Vg
a
3
\%4 )
hence

E*=p°c+m’c* (geR) (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)
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ABSTRACT

The theory of large deviations is concerned with the exponential decay of probabilities
of large fluctuations in random systems. These probabilities are important in many
fields of study, including statisrics, finance, and engineering, as they often yield valuable
information about the large fluctuations of a random system around its most probable
stare or trajectory. In the context of equilibrium startistical mechanics, the theory of large
deviations provides exponential-order estimates of probabilities that refine and generalize
Einstein’s theory of fluctuations, This review explores this and other connections between
large deviation theory and statistical mechanics, in an effort to show that the mathematical
language of statistical mechanks is the language of large deviation theory. The first
part of the review presents the basics of large deviation theory, and works out many
of its classical applications related to sums of random variables and Markov processes,
The second part goes through many problems and results of statistical mechanics, and
shows how these can be formulated and derived within the context of large deviation
theory. The problems and results treared cover a wide range of physical systems, including
equilibrium many-particle systems, noise-perturbed dynamics, nonequilibrium systems,
as well as multifractals, disordered systems, and chaotic systems. This review also covers
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BOLTZMANN-GIBBS STATISTICAL MECHANICS (g=1)
Additive entropy [S,;(A+ B)=S,,(A)+S,,(B)]
Linear Fokker-Planck equation

Linear Fourier transform
dy

—=gy=>y=¢e“
dx y =y

NONEXTENSIVE STATISTICAL MECHANICS (g #1)

Sz:(A+ B) _ Sz:(A) 2 Szc(B) (- q)SBG(A) SBG(B)]
k k k k k
Nonlinear Fokker-Planck equation

Nonadditive entropy [

Nonlinear g-Fourier transform

dy _ = _
R = y=[1+(—-q)ax|-e=¢;



BOLTZMANN-GIBBS STATISTICAL MECHANICS
(Maxwell 1860, Boltzmann 1W872, Gibbs < 1902)

Entropy

Internal energy

Spe = _kz p; In p,

o i=1
Uge = 2 p.E,
i=1

Equilibrium _ __BE, _NC -BE,
distribution pP; =€ [ Z g6 [ZBG B Z}e ]
=
: . dy

Paradigmatic —=ay _ _ax

differential dx } —r=e

equation y(0) =

X a y(x)

Equilibrium distributi —

quilibrium distribution Ei B Z p( Ei)
Sensitivity to £ I; Ax(t) At

= lim =

initial conditions t A Ax(0)—0 Ax(0) ©
Typical relaxation of _O()—0(°)  _.:
observable O t [-l/7 2= O(0)—O(s) ©

S — additive, concave, Lesche-stable, finite entropy production




NONEXTENSIVE STATISTICAL MECHANICS
(C.T. 1988, EM.F. Curado and C. T. 1991, C. T., R.S. Mendes and A.R. Plastino 1998)

/4
Entropy S, =k [1 -y p! )/(q —1)
w = W
Internal energy

Stationary state

distribution =
Paradigmatic @ v ax 1
— — — _ _
differential dx - y =€ [1+ 0 —g)ax]i—q
equation »(0)=1
X | a y(x)
Stationary state E. _ 7 E : S
distribution ! 'B Gstat Guur P ( i) (typically g, = 1)
Sensitivity to Ay 1 :
=e " typicall <1
initial conditions ¢ ﬂ’qsen 5 € en (typ Y Gsen )
i ' —t/T
Typical relaxation of — el (tvpi
— icall >1
observable O t |\-1/7,, £2 eq,, ol (typ Y el )

S, — nonadditive, concave, Lesche-stable, finite entropy production
C. T., Physica A 340,1 (2004)



Prediction of the g - triplet: C. T., Physica A 340,1 (2004)

SENSITIVITY
(qsen)

RELAXATION STATIONARY STATE
(g rel) (qsmr)

Fig. 2. The triangle of the basic values of g, namely those associated with sensitivity to the initial conditions,
relaxation and stationary state. For the most relevant situations we expect gsen < 1, g7 = 1 and gssar = 1.
These indices are presumably inter-related since they all descend from the particular dynamical exploration
that the system does of its full phase space. For example, for long-range Hamiltonian systems characterized
by the decay exponent o and the dimension d, it could be that g, decreases from a value above unity
(e.g., 2 or %) to unity when o/d increases from zero to unity. For such systems one expects relations like
the (particularly simple) ¢star = ¢re1 = 2 — ¢sen Or similar ones. In any case, it is clear that, for o/d > 1
(i.e., when BG statistics is known to be the correct one), one has gswar = Gre1 = gsen = 1. All the weakly
chaotic systems focused on here are expected to have well defined values for gsen and g,.;, but only those
associated with a Hamiltonian are expected to also have a well defined value for gsar.
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SOLAR WIND: Magnetic Field Strength

L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005)
[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages]
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Asymptotically scale-invariant occupancy of phase
space makes the entropy S, extensive

Constantino Tsallis***, Murray Gell-Mann**, and Yuzuru Sato*
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Contributed by Murray Gell-Mann, July 25, 2005

Phase space can be constructed for N equal and distinguishable
subsystems that could be probabilistically either weakly correlated
or strongly correlated. If they are locally correlated, we expect the
Boltzmann-Gibbs entropy Sgc = —k Z; p; In p; to be extensive, i.e.,
Sec(N) = N for N — =. In particular, if they are independent, Sgc is
strictly additive, i.e., Ssc(N) = NSsc(1), YN. However, if the sub-
systems are globally correlated, we expect, for a vast class of
systems, the entropy S, = k{1 - Z; pf]/(g — 1) (with 5§, = Sgg) for
some special value of g # 1 to be the one which is extensive [i.e.,
Sq(N) = N for N — =]. Another concept which is relevant is strict or
asymptotic scale-freedom (or scale-invariance), defined as the
situation for which all marginal probabilities of the N-system
coincide or asymptotically approach (for N — =) the joint proba-
bilities of the (N — 1)-system. If each subsystem is a binary one,
scale-freedom is guaranteed by what we hereafter refer to as the
Leibnitz rule, i.e., the sum of two successive joint probabilities of
the N-system coincides or asymptotically approaches the corre-
sponding joint probability of the (N — 1)-system. The kinds of
interplay of these various concepts are illustrated in several ex-
amples. One of them justifies the title of this paper. We conjecture
that these mechanisms are deeply related to the very frequent
emergence, in natural and artificial complex systems, of scale-free
structures and to their connections with nonextensive statistical
mechanics. Summarizing, we have shown that, for asymptotically
scale-invariant systems, itis S, with g # 1, and not Sgg, the entropy
which matches standard, clausius-like, prescriptions of classical
thermodynamics.

continuous variables (N = 1, 2, 3). In both cases, certain correlations
that are scale-invariant in a suitable limit can create an intrinsically
inhomogeneous occupation of phase space. Such systems are
strongly reminiscent of the so called scale-free networks (24, 25),
with their hierarchically structured hubs and spokes and their nearly
forbidden regions.

Discrete Models

Some Basic Concepts. The most general probabilistic sets for N equal
and distinguishable binary subsystems are given in Fig. 1 with

N N!
> N =) ™= 1

n=0

(rnn €E[0,1;N=1,2,3,...;n=0,1,...,N). [2]

Let us from now on call Leibnitz rule the following recursive
relation:

TNn + TNpe1 = Tno1a(0=0,1,... N=1;N=2,3,...).
[3]

This relation guarantees what we refer to as scale-invariance (or
scale-freedom) in this article. Indeed, it guarantees that, for any
value of N, the associated joint probabilities {my ,} produce marginal
probabilities which coincide with {my_1,}. Assuming m + m; =




Playing with additive duality (¢ — 2—q)
and with multiplicative duality (g —1/q)

(and using numerical results related to the q — generalized central limit theorem)

we conjecture

1 1
q.,+—=2 and Gy +— =2

sen rel

1—
hence l-gq., = D sta
3 o 2 qstat

hence only one independent!

Burlaga and Vinas (NASA) most precise value of the g —triplet is
q.,,=175=7/4
hence 9., =—05==1/2  (consistent with q, =-0.6 £0.2!)
and q., =4 (consistent with q.,= 3.8 £0.3 1)

C.T., M. Gell-Mann and Y. Sato, Proc Natl Acad Sc USA 102, 15377 (2005)
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£, =l—q  =1-(=1/2)=3/2

grel _ 1 QI/el T 1 4 — _3
Equ =1—q,, =1-7/4 =-3/4
We verity
gsen T gre[ . .
Estar = > (arithmetic mean!)
= \/ €Stat 8,,6 (geometric mean!)
el +e .
£, =2 > s (harmonic mean!)

N.O. Baella (2008)



EDGE OF CHAOS OF THE LOGISTIC MAP:

-

qsensitivity — qentropy

g - triplet 1 = 2.249784109...

qrelaxation

= 1.65%£0.05

L qstationary state

hence qsens < 1 < qstat < qrel

CONJECTURE: [N.O. Baella (2010)] e=l-gq

E

relaxation

+ &

sensitivity

=&

sensitivity gstationary state

hence

_ A elaxation —1 —=1.65424. ..

1 o qsensitivily

qstationary state

= 0.244487701341282066198...
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EDGE OF CHAOS OF THE LOGISTIC MAP:
(Using result in htip://pi.lacim.ugam.ca/piDATA/feigenbaum.ixt)_
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IHY 2007: VOYAGER 1: Fundamental Physics

The atmosphere of the Sun beyond a few solar radii, known as HELIOSPHERE, is fully
ionized plasma expanding at supersonic speeds, carrying solar magnetic fields with it.
This solar wind is a driven non-linear non-equilibrium system. The Sun injects matter,
momentum, energy, and magnetic fields into the heliosphere in a highly variable way.
Voyager 1 observed magnetic field strength variations in the solar wind near 40 AU
during 1989 and near 85 AU during 2002. Tsallis’ non-extensive statistical mechanics,
a generalization of Boltzmann-Gibbs statistical mechanics, allows a physical
explanation of these magnetic field strength variations in terms of departure from
thermodynamic equilibrium in an unique way:

SOLAR WIND: Magnetic Field Strength

L F. Burlaga and A. F -Vinas (2005) / NASA Goddard Space Flight Center

[Data. Voyager 1 spacecraft (1989 and 2002), 40 and 85 AU, d ]




Nonextensive statistical mechanics
and thermodynamics

C.T.
Possible generalization of Boltzmann-Gibbs statistics
J Stat Phys 562, 479 (1988)

E.M.F. Curadoand C. T.
Generalized statistical mechanics: connection with thermodynamics
J Phys A 24,169 (1991)
[Corrigenda: 24, 3187 (1991) and 25, 1019 (1992)]

C.T., R.S. Mendes and A.R. Plastino
The role of constraints within generalized nonextensive statistics
Physica A 261, 534 (1998)



NONEXTENSIVE STATISTICAL MECHANICS AND THERMODYNAMICS
(CANONICAL ENSEMBLE):

Extremization of the functional S [pl=k i=1

W
with the constraints Z p, =1 and l
i=1
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We can rewrite p; =

A,

th =
with I+(1-)B U,

W [
" _ﬁqu
, and Z = E e,
i=1

And we can prove
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(i.e., the Legendre structure of Thermodynamics is q -invariant!)
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Tunable Tsallis Distributions in Dissipative Optical Lattices

P. Douglas, S. Bergamini, and F. Renzoni

Department of Physics and Astronomy, Universitv College London, Gower Street, London WCIE 6BT, United Kingdom
(Received 10 January 2006: published 24 March 2006)

We demonstrated experimentally that the momentum distribution of cold atoms in dissipative optical
lattices is a Tsallis distribution. The parameters of the distribution can be continuously varied by changing
the parameters of the optical potential. In particular, by changing the depth of the optical lattice, it is
possible to change the momentum distribution from Gaussian, at deep potentials, to a power-law tail
distribution at shallow optical potentials.
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Experimental and computational verifications

by P. Douglas, S. Bergamini and F. Renzoni, Phys Rev Lett 96, 110601 (2006)

(Computational verification:
quantum Monte Carlo simulations)
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